Abstract. In this note we describe the asymptotic growth of the number of global sections of line bundles on surfaces. Beside working out concrete examples, we also show that this quantity does not change in a locally polynomial manner on threefolds. 1991 MSC classification: 14C40 (primary), 14J05, 32C10 (secondary)
Introduction
Riemann-Roch-type problems have been investigated in algebraic geometry since the very beginnings of the field. A corresponding asymptotic notion, called the volume of a line bundle has arisen recently from the literature, notably from [5, 9, 7, 11, 2] . While h 0 is difficult to determine in general, its asymptotic counterpart, the volume gives a clean picture in many important cases. In spite of this there have been few instances worked out in the literature so far. In this paper we perform a preliminary investigation of the volume of line bundles based on several examples. We prove that for surfaces, the volume is a locally polynomial function on the Néron-Severi space and give an example of a smooth threefold on which this does not hold. We consider del Pezzo and K3 surfaces in more detail.
Let X be a smooth projective variety of dimension n, L ∈ Pic(X) a line bundle. The volume of L -which is the asymptotic growth of the number of global sections of L -is defined by (1) vol X (L)
The concept first appears in Cutkosky's paper [5] where it is used to establish the nonexistence of rational Zariski decompositions. At its first instance the volume is defined for integral divisors. However, by continuity and invariance with respect to numerical equivalence it extends to a continuous non-negative real-valued function ( [11] , Section 2.2.C)
By a result of Fujita ([9] , [11] , Section 10.3.B), we can also think about vol X (L) as the asymptotic growth of moving self-intersection numbers of multiples of L. It is clear from the definition that vol (L) > 0 if and only if L is big. Furthermore, for big divisors the volume function is homogeneous of degree n and log-concave ( [11] , Section 2.
As a consequence of the asymptotic Riemann-Roch theorem, the volume of a big and nef line bundle is easily computed
However, as we will see, there is no single formula for general line bundles in terms of their intersection numbers. The main results of this paper are the following two theorems and a description of the volume function for del Pezzo and K3 surfaces.
Theorem 1. Let X be a smooth projective surface. Then there is a locally finite set of hyperplanes in N 1 Q (X) that divide the big cone into locally polyhedral chambers such that on each chamber vol X is given by a homogeneous quadratic polynomial.
We work out the chamber structure for both del Pezzo and K3 surfaces and explore the connection with the action of the Weyl group. We will see that in the K3 case, chambers for the volume and Weyl chambers happen to coincide inside big cone. Our second result shows that in higher dimensions the picture is more complicated.
Theorem 2. There exists a smooth projective threefold whose associated volume function is not locally polynomial on N 1 Q (X). Section 2. is devoted to the proof of Theorem 1. As one would expect, the computation of the volume on surfaces quickly leads to a need to understand how the Zariski decomposition of big line bundles changes. We then investigate del Pezzo and K3 surfaces in Section 3., while the proof of Theorem 2 occupies Section 4.
Zariski Decomposition and Volume on Surfaces
Let X be a smooth projective surface with Picard number r. As we have seen, the volume of a line bundle on X is then defined to be
We use the Zariski decomposition of Q-divisors to determine the behaviour of the volume function on surfaces. Denote the set of irreducible curves with negative self-intersection by I. The rays determined by elements of I are all extremal rays of the Mori cone of X ( [6] ) and the hyperplanes in N 1 (X) orthogonal to them determine the nef cone of X. The existence of Zariski decompositions for pseudo-effective Q-divisors provides an effective tool for computing the volume (pseudo-effective divisors are limits of big divisors). We state a version of Zariski decomposition for reference ( [13, 1] ).
Theorem 3 (Zariski decomposition). Let D be a pseudo-effective Q-divisor on X. Then there exists a unique decomposition of Q-divisors
In the theorem P is called the positive part of D, while N is the negative part. An effective divisor with the second property above is called a negative divisor. Note that the negative part of a Q-divisor D depends only on the numerical equivalence class of D.
If we fix coordinates on the Néron-Severi space then we can see that on a region where the support of negative part of the divisors is constant we obtain a fixed formula for the volume. It turns out that away from the boundary of the effective cone these regions are determined by a locally finite set of hyperplanes. On each such region the volume function will be given by a homogeneous quadratic polynomial.
Remark. It is known that on varieties of dimension three or higher, Zariski decomposition does not exist in general (not even with real coefficients [14] ). However, there is an approximate version due to Fujita ([9] , for a more conceptual proof using the subadditivity of asymptotic multiplier ideals see [7] , [11] Section 10.3.B) which is true in any dimension. Fujita proves that if L is a big line bundle on a smooth projective variety X of dimension n, ǫ > 0 then there exists a birational map µ : X ′ → X and a decomposition µ * L ≡ E + A (both depending on ǫ) with E an effective Q-divisor and A an ample Q-divisor such that
Let us move on to describe the structure of the regions on which the negative part of the divisors in them remains constant. We construct a certain set of hyperplanes W (N, C) (also referred to as walls) which determine the aforementioned regions in the following sense.
We consider pairs (N, C) where
To each such pair (N, C) we attach the hyperplane
We will refer to the regions determined by the corresponding half-spaces as chambers. Note that
then the Zariski decomposition is locally constant around D. More precisely, for any norm . and for all α ∈ N 1 Q (X) with α small enough the supports of the negative parts of D and D + α are the same.
Assume that the support of the negative part is not constant around D, ie. for all ǫ sufficiently small there is an α ∈ N 1 Q (X) such that α < ǫ and the support of the negative part of D + α differs from that of D.
As α can be chosen to be small compared to P and a 1 , . . . , a m , we can assume that
Suppose not, then α can be written uniquely in the form
is the same as that of D therefore we can replace α by α ′′ and 3 holds.
Choosing α as above we observe that P + α is not nef (otherwise D + α = (P + α) + N is the Zariski decomposition of D + α and contrary to our assumption the support of the negative part is left unchanged) so there exists an irreducible curve C such that (4) ((P + α).C) < 0 or, 0 ≤ (P.C) < (−α.C). If (P.C) > 0 then by shrinking α appropriately we can arrange
This can be arranged for all curves with (P.C) > 0 simultaneously as the set (6) {(P.C)|C irreducible curve with (P.C) > 0} is bounded away from zero. Therefore if the negative part of D + α changes for properly chosen α with α arbitrarily small then this can only be detected by irreducible curves C with (P.C) = 0. As P is big and nef, P 2 > 0 hence by the Hodge index theorem C 2 < 0. We conclude that there is α, C as above such that
• α ⊥< P, E 1 , . . . , E m > and • C is an irreducible negative curve with (P.C) = 0 and (α.C) < 0. This implies that
It still remains to show that it is enough to consider hyperplanes W (N, C) where N + C is numerically connected. Assume that N = m i=1 a i E i is a negative divisor such that there exists 1 ≤ s ≤ m with (E i .E j ) = 0 and (E i .C) = 0 for all 1 ≤ i ≤ s and s + 1 ≤ j ≤ m.
As a consequence of this proposition we obtain a proof of Theorem 1.
Remark. On a smooth projective surface on which all irreducible negative curves are (−1)-curves the only numerically connected negative divisors are aE with E irreducible negative curve and a > 0. This follows from the negative definiteness of the intersection matrix of the negative part.
Examples
First, we will work out the volume of line bundles on del Pezzo surfaces and describe its connection to the Weyl action on the Picard group. As −K X is ample, del Pezzo surfaces have a finite number of extremal rays. The corresponding set of walls will give a decomposition of the big cone into a finite set of polyhedral chambers on each of which we can write down a polynomial formula for the volume.
Let us establish some notation. We denote by X = Bl Σ (P 2 ) the blowup of the projective plane at Σ ⊆ P 2 where Σ consists of at most eight points in general position. The exceptional divisors corresponding to the points in Σ are denoted by E 1 , . . . , E r (r ≤ 8). We denote the pullback of the hyperplane class on P 2 by L. These divisor classes generate the Picard group of X and their intersection numbers against each other are: (L.E i ) = 0 and (E i .E j ) = −δ ij for 1 ≤ i, j ≤ r. For each 1 ≤ r ≤ 8 one can describe all extremal rays on X (see [8] ). We will use the following notation for the set of exceptional elements and roots, respectively.
According to the remark at the end of the previous chapter, Proposition 2. With notation as above, the set E ⊥ |E ∈ I determines the chambers for the volume function.
Together with the combinatorial description of I this gives complete information about the volume on X.
Example 1 (Blow-up of two points in the plane). In this case there are altogether three irreducible negative curves: E 1 , E 2 , L − E 1 − E 2 . We saw in the previous section that there are only three walls (the internal ones on the picture, the external walls being the boundary of the big cone), one corresponding to each negative curve. They divide the big cone into five regions on each of which the support of the negative part of the Zariski decomposition remains constant. In this case the chambers are simply described as the set of divisors the intersect negatively the same set of negative curves. 
L-E1-E2 E1 E2 (D.L-E1-E2)<0 (D.E1)<0 (D.E2)<0 (D.E1)<0 and (D.E2)<0 D nef
Observe that not all possible combinations of negative divisors occur.
Next we move on to spell out the connection with the Weyl action. To each root α one can associate an automorphism of the lattice Pic(X), the reflection corresponding to α
The group generated by the reflections σ(α), α a root, is called the Weyl group W (X) of the surface X. However, there is a much smaller set of generators. For r ≥ 3 the roots
called simple roots already generate W (X).
Proposition 3. Given a del Pezzo surface X, W (X) is the set of automorphisms of Pic(X) that leave K X fixed. It is finite for r ≤ 8 and acts transitively on I (for r ≥ 3) and on R (for r ≥ 2).
For a proof the reader is referred to [8] . The effect of the Weyl group on the volume and Zariski decompositions is given in the following Proposition 4. Let D, D ′ be two big divisors that belong to the same chamber, σ ∈ W (X). Then Proof: Assume r ≥ 3, the remaining cases being trivial. Then σ permutes the exceptional elements hence it takes nef divisors to nef divisors. It is enough to check this statement on the generating reflections so we can assume that 
is the Zariski decomposition of σ(D). This proves both statements.
As a result we observe that for r ≥ 3 the Weyl chambers and the volume chambers coincide.
The interplay between the volume and the Weyl action on del Pezzo surfaces is in some sense not typical. As we will see, on K3 surfaces, the volume function in not invariant under the action of the Weyl group. However, it is still true that the volume chambers coincide with the Weyl chambers.
Let Y be a K3 surface. Then there are no (−1)-curves on Y and the Mori cone is generated by the nef cone and the (−2)-curves ( [10] ). To every (−2)-curve E one associates the reflection
of the Néron-Severi space. These elementary reflections then generate the Weyl group W (Y ) of the surface. For terminology and basic results on Weyl groups of K3 surfaces, root systems and related topics the reader should consult [4, 3] . First, we show that vol (D) = vol (σ(D)) in general. Let P be nef divisor on Y , E a (−2)-curve such that (P.E) = 0. The Zariski decomposition of σ E (P ) is (10) σ E (P ) = P + 1 2 (P.E)E + 1 2 (P.E)E . Hence for the volume of σ E (P ) we obtain
As (P.E) = 0, this is not equal to vol (P ) (one can replace P by a sufficiently high multiple if necessary). Example 2 (Blow-up of P 2 at nine general points). In this case X has infinitely many negative curves, all of them (-1)-curves. By Mori's cone theorem, the limit of a non-stationary sequence of extremal curves can only lie on the ray spanned by K X . Hence the walls W (N, C) will cluster around K ⊥ X (and at no other place).
An example where the volume is not locally polynomial
In this section we construct an example of a smooth projective threefold whose associated volume function is not given locally by a polynomial. We will apply the construction Cutkosky used to prove the non-existence of Zariski decomposition in higher dimensions.
The description is mostly taken from [11] , Section 2.3.B and we refer the reader to this work for the proofs omitted.
Let S be an irreducible projective surface, A 0 , A 1 integral Cartier divisors on it. Put
and let X = P(E) and L = O P(E) (1) .
Then X is and irreducible projective threefold and with A 0 ,A 1 properly chosen, it will serve as our counterexample. There is a close relation between the the properties of L = O X (1) and those of A 0 and A 1 .
Lemma 1. With notation as above, We take S = E × E, the product of a general elliptic curve with itself. Then the nef cone is the circular cone
where h is any ample class. Denote by F 1 , F 2 , ∆ ⊆ S the fibres of the respective projections S = E × E → E and the diagonal. These divisors generate the Néron-Severi group and their intersection numbers are (F i . It is important that one choose a non-ample line bundle L on X as inside the ample cone the volume is a polynomial function given by the self-intersection. Next, we will perturb L = O P(E) (1) by a small Q-divisor depending on a parameter ǫ and establish that the dependence of the volume on ǫ is in fact not polynomial. Take 
which is not a polynomial function of ǫ. This proves Theorem 2. The computations in this section were done with the help of the computer algebra package Maple.
